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The response to vibration of a granular bed, consisting of a standard cylindrical geometry but with the
addition of a dissipative cylindrical inner wall, has been investigated both experimentallysusing positron
emission particle trackingd and numericallysusing hard sphere molecular dynamics simulationd. The packing
fraction profiles and granular temperature distributionssin both vertical and horizontal directionsd were deter-
mined as a function of height and distance from the axis. The two sets of results were in reasonable agreement.
The molecular dynamics simulations were used to explore the behavior of the granular bed in the inner
wall–outer wall coefficient of restitution phase space. It was observed that one could control the direction of
the toroidal convection rolls by manipulating the relative dissipation at the inner and outer walls via the
coefficients of restitution, and with several layers of grains it was seen that double convection rolls could also
be formed, a result that was subsequently confirmed experimentally.
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I. INTRODUCTION

The analogy between rapidly flowing granular materials
and some of the more usual states of matter, such as gases
and liquids, has been developed over a period of several
decadesf1g. Working from a microscopic viewpoint, kinetic
theory concepts have been extended from non- and near-
equilibrium studies of gases and modified to take into ac-
count the dissipation during collisions that sets granular ma-
terials apart from thermal systemsf2–4g. A striking feature of
fluidized granular beds is that one may see evidence of in-
stabilities reminiscent of those observed in liquids. For ex-
ample, recent experimental, numerical and theoretical studies
have all pointed towards “thermally” induced convection be-
ing a phenomenon closely related to buoyancy driven flows
such as Rayleigh-Benard convection and related effects
f5–7g. On one level, the physical mechanism driving granu-
lar thermal convection is essentially that seen in thermal flu-
ids: buoyancy forces induce differential motion and force
convection. In granular systems, however, the granular tem-
perature cannot be given as a boundary condition; it is the
dissipation inherent in the system that results in granular
temperature gradients and hence, convection. In a vibrated
bed for example, one sees that, in general, the system is
“hotter” near the base and that it is “cooler” at higher alti-
tudes, due to the dissipation during collisionsf8–10g. This
has the effect that as we increase the number of particles, or
increase the dissipation during the collisions, the temperature
gradient becomes steeper, leading to instability in the system
f7g. These instabilities have been the subject of a number of
studies and have led to the investigation of “symmetry-
breaking” phenomena where spontaneoussand seemingly
stabled large-scale variations in density occurf11,12g.

In numerical simulations of a two-dimensional system,
Ramirezet al. f5g, demonstrated that granular beds could
show signs of thermal convection. They suggested that dis-
sipation plays the role of an order parameter for the instabil-

ity: once a threshold value of the dissipation has been
reached, the system appears to undergo a supercritical tran-
sition and the convection rolls form. This presence of con-
vection in a three-dimensional system was subsequently con-
firmed experimentallyf6g and good agreement with these
results was obtained using a molecular dynamics simulation,
developed by Talbot and Viotf13g. The latter study also
showed that the strength and direction of the convection roll
is strongly influenced by the value of the particle-wall coef-
ficient of restitution.

In Ref. f13g it was suggested that inserting an innerssolidd
cylinder coaxial with the outer cylinder might modify the
convection pattern. The additional boundary present in this
configuration is expected to allow greater control over the

FIG. 1. Schematic of cell geometry, showing an annular cell
system that is vibrated from below.
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convection rolls than is possible with the outer cylinder only.
In particular, for appropriate values of the coefficients of
restitution, particles may move downwards near the inner
cylinder and two or more toroidal rolls, with alternate direc-
tions of circulation, might form. In this article we present a
systematic experimental and numerical study over a wide
range of combinations of inner-wall/outer-wall coefficients
of restitution to investigate this proposal.

II. GRANULAR BED AND CELL GEOMETRY

A. Numerical and experimental geometry

The experiments and the numerical simulations were both
performed using an annular cylindrical geometryssee Fig. 1
for the definition of the coordinate system variablesd where
dissipation at the inner wall provides, compared to previous
experimentsf6g, an additional control parameter through
which the direction and magnitude of the convection rolls
may be controlled.

B. Experimental procedure

The experimental cell consisted of an aluminium cylinder,
of radius Ro=72.5 mm, with a glass plate attached to the
base to provide a low dissipation boundary for energy input.
The cell was vibrated in the vertical direction using an elec-
trodynamic shaker system, with a frequency of 50 Hz and
typical amplitude of vibration,Ao of 1.24 mm. Aluminum
annular inserts were placed within the cylindrical cell at a
radiusRi =17.5 mm, equivalent to 3.5 particle diameters. In
order to minimize air drag effects, the cell was evacuated
prior to each experimental run.

The grains consisted of glass ballotini beads, of diameter
s=5 mm, with particle-particle coefficient of restitution
smeasured using high speed photographyd, «=0.91 and
particle-Al wall coefficient of restitution,«w=0.79. The

FIG. 2. A comparison of the packing fraction profile determined
from molecular dynamics simulation and experiment. The symbols
show the experimental packing fraction, the solid line shows the
packing fraction determined by simulation, withsad linear axes and
sbd log-linear axes.

FIG. 3. Packing fraction contour plots inz-r cylindrical coordi-
nates after averaging around the azimuthal direction:sad experimen-
tal andsbd simulation results.

FIG. 4. Granular temperature distributions: comparison of ex-
perimental and simulation results for each component. The upper
curves represent the temperature distributionT* =s2TX

* +TZ
* d, show-

ing how the isotropic component of the temperature behaves as a
function of height.
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particle-basesglassd coefficient of restitution was measured
to be «b=0.91. A single layer of random loose packed par-
ticles stotal numberN=661d was placed within the annulus
and the experimental cell vibrated to fluidize the system.

The motion of the beads in the cell was followed using
positron emission particle trackingsPEPTd. This radioactive-
labeling technique allows for one single particle, indistin-
guishable from the other beads, to be tracked and its coordi-
nates logged for periods potentially up to 6 h, though
typically in this work for between 30 and 60 min. The tracer
was labeled through irradiation with3He particles. The inter-
action between the oxygen present in the ballotini beads and
the 3He particles results in the formation of18F. This decays
rapidly through positron emission, and considering the high
probability of a collision with an electron, quickly results in
annihilation and the formation of back-to-back 511 keV pho-
tons. These highly energeticg rays are then detected simul-
taneously by the NaI-scintillator-based photon detectorsf14g.
This technique has proved to be a powerful method for in-
vestigating rapid granular flows. This is due to its high accu-
racy s,2 mmd and high temporal resolutions,1–2 msd,
making it suitable for tracking fast moving particles, such as
those seen in granular fluidized bedsf15g.

C. Model and simulation

The geometry of the model system is analogous to the
experimental apparatus with an annular cylindrical set up
with two concentric cylinders of radiiRi andRo. Simulations
of the model were performed using an event driven proce-
dure where particle motion is followed and time is updated at
every collision between particles or between particles and
one of the boundary surfaces. The equations, based on the
inelastic hard sphere model, specifying the postcollisional
velocities resulting from particle-base, particle-wall and
particle-particle collisions aref13g:

vi8 = vi − s1 + «bdfsvi − vbd · r̂ gr̂ , s1d

vi8 = vi − s1 + «wdfvi · r̂ gr̂ , s2d

vi8 = vi −
s1 + «d

2
fsvi − vjd · n̂gn̂, s3ad

FIG. 5. Granular temperature plots inz-r cylindrical coordinates after averaging around the azimuthal direction:sad TZ
* from experiment;

sbd TX
* from experiment;scd TZ

* from simulation;sdd TX
* from simulation.
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vj8 = vj +
s1 + «d

2
fsvi − vjd · n̂gn̂, s3bd

wherev is the velocity of a grain, the subscripts denote the
grain and direction of collision,n̂ is the unit vector from the
center of one of the colliding particles to that of the other,r̂
is the unit vector pointing from the center of a colliding
particle and the point of impact with the base or wall and the
prime denotes a postcollisional velocity. We define four co-
efficients of restitution to reflect the range of conditions pos-
sible: particle-particle,« particle-wall,«w, where«iw and«ow
are used to differentiate between the inner and outer walls,
respectively; and finally the particle-base coefficient of res-
titution, «b. The grains and the walls are considered friction-
less and rotational motions are not considered.

Energy is introduced into the system via the vibrating
base. Experimentally, the base velocity takes a sinusoidal
form, characterized in the usual way by amplitude and fre-
quency. Numerically, however, collisions with sinusoidal vi-
bration profiles are difficult to handle and we use a symmet-
ric sawtooth base velocity profile. This approach is justified
by the results of McNamara and Ludingf16g, who have
shown that the symmetrical sawtooth and sinusoidal func-
tions result in no perceivable difference in the behavior of
the vibro-fluidized granular bed, apart from a scaling in the
energy transferred to the bed. They proposed an empirical
relationship between energy input rate and the base velocity
of the bed, and characterized this using a single exponent
f16g. However, as this relationship is dependent on knowing
the granular temperature of the beads of the particles above
the base before choosing the appropriate scaling factor, in
this paper we choose the speed of vibration of the base in the
MD simulation by varying the amplitude until the tempera-
ture gradient near to the base matches the experimental re-
sults. The base amplitude for the sawtooth simulation veloc-
ity profile that best matched the experimental results was
Ao=1.12 mm, and this amplitude was used for our initial
comparison between experiment and numerical simulation
sSec. I Dd.

D. Data analysis

1. Density profiles

Experimentally the density of particles is calculated by
counting the number of times the tracer particle is detected in
a volume element and weighting this by the time spent in
that element. Numerically, the number density,n, is deter-
mined first by summing the number of particle centres de-
tected in a volume element and then averaging this over the
course of the simulation. The number density is then con-
verted into the packing fractionh, the ratio of the particle
volume to the volume element, usingh=nps3/6, wheres is
the particle diameter.

Figure 2sad shows a comparison of the experimental and
numerical packing fraction profiles forN=661 averaged over
the cross-sectional area of the cylinder, with Fig. 2sbd show-
ing the same data on semi-log axes. In this and subsequent
figures, coordinatesz andr are converted to nondimensional
form, denoted throughout by the superscript *, by dividing
by s. One can see that the matchup is good, with closely
matching profiles. However, the zone close to the base shows
some deviation. Further differences between simulation and

FIG. 6. Experimental radial distribution of temperature,TZ
* and

TX
* , averaged over the range of heights 12.5 mm to 25 mms2.5 to 5

particle diametersd.

FIG. 7. Nondimensional velocity vector field fromsad experi-
ment andsbd numerical simulation, where the nondimensional ve-
locity, v* , is given byv* =v / sgsd1/2.
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experiment are highlighted in Figs. 3sad and 3sbd sshowing
experimental and simulation results respectivelyd, which
show contour plots of the two-dimensional packing fraction
distribution on thez-r plane. A contributing cause for the
differences is the spatial resolution of the PEPT facility and
the associated coarsening of the data. This means that we see
a decline in density as we approach very close to the wall,
but in reality this is an experimental artifact due to the errors
involved in locating particlesf15g. Clearly, in the case of the
simulations we do not suffer from such problems: the par-
ticle locations are given to an accuracy of the order of the
round-off errors associated with the computer program. The
simulationsfFig. 3sbdg show the clearest evidence that the
number density increases substantially close to the walls.
The outer wall shows the highest increase, while near to the
inner wall we see a more modest rise. The smaller rise near
to the inner wall can be attributed to the fact that less energy
is dissipated from this region because of the smaller surface
area. Therefore, unless one reduces the coefficient of restitu-
tion of the outer wall independently of that of the inner wall,
one will always see a higher dissipation rate at the outer wall,
and hence, a relatively higher density than at the inner wall.
An additional difference is that experimentally we would ex-
pect a velocity-dependent coefficient of restitution: at low
impact velocities less energy will be dissipated than at high
collision velocities.

2. Granular temperature

In this paper we define the components of the granular
temperature,T, in terms of the second moment of the veloc-
ity distribution:

TX =
1

2
mvX

2 , TY =
1

2
mvY

2 , TZ =
1

2
mvZ

2 , s4d

wherem is the mass of the grain,v is the grain velocity, and
the subscriptsx, y, andz denote the direction of the compo-
nents. This is determined in experiment from the short time
mean squared displacementf17g, but in simulation it is cal-
culated directly from the velocity distribution. The tempera-
ture values presented in subsequent figures were converted to
nondimensional formsdenoted by the superscript *d by di-
viding by mgs, whereg is the acceleration due to gravity.

The experimental and numerical granular temperature
profiles are in reasonable agreement forN=661 as can be
seen in Fig. 4. Figures 5sad and 5sbd show the two-
dimensional distribution of granular temperature in thez and
thex directions respectively for experiment, and in Figs. 5scd
and 5sdd for numerical simulation. These results were ob-
tained by integrating the three-dimensional distributions
about the azimuthal direction to improve signal-to-noise ra-
tio. One can see clearly that thex-direction granular tempera-
ture is lower than thez granular temperature, as one would
expect. However, if we examine the granular temperatures as
a function of distance from the axis of the cell, it can be
observed thatTX is strongly affected by the presence of the
sidewallssFig. 6d with decreases of over 30% compared to
the central region. A small reversal in this trend forTX im-
mediately adjacent to each wall is an artifact of the tempera-

ture measurement proceduref15g. One can also see a reduc-
tion in the z granular temperature, but this is not as
pronounced. As the collision with the wall will result pre-
dominantly in energy being lost from motion in thex direc-
tion only, one will naturally expect this reduction to be
greater in thex direction than in thez direction.

3. Velocity fields

Figures 7sad and 7sbd show the numerically and experi-
mentally determined mean velocity fields forN=661. These
were calculated by numerically differentiating the particle

FIG. 8. Phase diagram showing the number and direction of
convection rolls. Crosses indicate a single convection roll moving
in a clockwise direction, circles indicate a single convection roll
moving in an counterclockwise direction, triangles indicate a
double convection roll and squares indicate systems where the di-
rection of the roll was not sufficiently clear to determine the type of
roll. sad N=661; sbd N=2644.
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position data over 20 location events. In comparison to con-
vection fields for cylindrical systemsf9g, the velocity field is
not as strong. The increased density at both walls has the
effect of creating competing buoyancy effects at the walls of
the system, reducing the strength of the convection field.
However, as we shall see in the next section, if we vary the
dissipation at the inner or outer boundaries, one may induce
convection rolls in one or the other or both directions. In Sec.
II we will examine the phenomena observed here in more
detail by performing a systematic numerical study of the
system.

III. NUMERICAL INVESTIGATION OF BED BEHAVIOR

A. General behavior

Increasing the number of particles in the system can in-
duce a convectionless system to form a convection roll, or
more than one in some casesf5g. In a cylinder this usually
takes the form of a single roll that moves down in the region
closest to the wall and upwards at the center. It is in the
region close to the wall that the system is densest and thus
where the particles are pushed down. In 2D simulations, with
elastic walls, the convection rolls were observed to move
either clockwise or counterclockwise, with no preference in
direction, when a critical level of dissipation in the system

had been reachedf5g. In the simple 3D systemswith only an
outer walld either strong convection rolls in the clockwise
sense or very weak rolls in the opposite sense were observed
depending on the value of the grain-wall coefficient of resti-
tution f13g. However, in our system, the three dimensional
annular geometry means that the dissipation rates at the wall,
and thus the density increase and heat flux in these regions,
is also highly dependent on the difference in the surface area
of the inner and outer walls. By controlling the dissipation
rates at the wall and by varying the inner wall radius and the
grain-wall coefficient of restitution, we can obtain some
measure of control over the strength and direction of the
convection rolls. As will be discussed below, one also may
induce more complex convection rolls by increasing the dis-
sipation in the system, by increasing grain-wall or grain-
grain dissipation or by balancing the tendency of a roll to
form in one direction or another. In this section we will first
explore the behavior of the granular bed in the«iw-«ow phase
space. We will discuss the appearance of the convection rolls
and their relationship to the simulation parameters. Finally,
we will present evidence that multiple convection rolls may
be induced experimentally.

B. Convection roll phase diagrams

The control over the size and amplitude of the convection
rolls enables us to explore the effect of the number of grains

FIG. 9. An example of counterclockwise rotation produced using numerical simulation with the parameters«iw =0.2, «ow=0.9, Ao
*

=0.302,N=2644,Ri
* =3.5, andRo

* =14.5,sad nondimensional velocity field,sbd packing fraction, andscd and sdd granular temperature inz
andx directions, respectively, rescaled for a particle diameter of 5 mm, and mass of 1.874310−4 kg.
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and the wall coefficients of restitution on convection. A num-
ber of studies have shown that the system becomes progres-
sively less stable as the grain-grain dissipation is increased
and this is observed but not explored in this paper. Ramirez
et al. f5g define a dissipation parameter,qN, where q
=s1−«d /2 and show that it may be used as an order param-
eter describing the stability of the system. An alternative ap-
proach is taken by Khain and Meersonf7g based on hydro-
dynamic equations for a granular bed, but in this study we
effectively vary the dissipation parameter as defined by
Ramirezet al. f5g by varyingN while keeping the grain-grain
coefficient of restitution constant at«=0.91, in line with ex-
periment.

Considering first the case of lowN sN=661, correspond-
ing to 1 layer of beads for a geometry with inner radius,Ri
=17.5 mmd, examination of a typical velocity field and den-
sity plot shows a single toroidal convection roll with in-
creased density regions close to the inner and outer walls.
The implication of previous studies was that this increased
density close to the walls was a privileged signature of a
double roll, but that may not necessarily be the case for the
geometry presented here.

In previous studies, the symmetry of the system has meant
that there was no preferential direction to the rollsf5g. In this
case, the independent control of the coefficients of restitution
and geometry of the two walls suggests that certain direc-

tions may indeed be preferred. If we consider the case where
the coefficients of restitution are equal, there will be signifi-
cantly greater dissipation at the outer wall due to its larger
surface area. A simple analysis comparing the areas of the
inner and outer surfaces suggests that the dissipation will be
comparable at each of the walls, assuming equal temperature
and packing fraction, when the following equation is satis-
fied:

«ow = 1 −
Ainner

Aouter
s1 − «iwd. s5d

In cases where Eq.s5d is not satisfied, we would expect the
dissipation at the outer wall to dominate when the term on
the left-hand side ofs5d is larger than that on the right, and
vice versa when the right-hand side is larger than the left.

A systematic study of the magnitude and direction of the
rolls was undertaken in the«iw-«ow phase space, with param-
eters close to those used in the experimental study. This was
performed forRi

* =3.5, «=«b=0.91, andAo
* =0.302; and for

two numbers of particles,N=661 andN=2644, equivalent to
one and four random loose packed layers of particles, respec-
tively. As before, the asterisk denotes a nondimensional vari-
able where the particle diameter has been used as the scaling
parameter, e.g.,Ri

* =Ri /s. The numerical simulation param-
eters have been chosen to be broadly those that were used in

FIG. 10. An example of clockwise rotation produced using numerical simulation with the parameters«iw =0.2, «ow=0.2, Ao
* =0.302,N

=2644, Ri
* =3.5, andRo

* =14.5, sad nondimensional velocity field,sbd packing fraction, andscd and sdd granular temperature inz and x
directions, respectively, rescaled for a particle diameter of 5 mm, and mass of 1.874310−4 kg.
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the experiments. Figure 8sad shows the phase diagram for
N=661. The solid line is a representation of Eq.s5d. In gen-
eral, above this line we see counterclockwise motion; below
it, we see clockwise rolls. There is some small variation,
which may be ascribed to the geometrical properties of the
wall: the outer wall is concave and acts to increase the par-
ticle collision rate compared to a flat surface, whereas the
convex nature of the inner wall implies the opposite. In the
case where we inject energy into the system during a colli-
sion, i.e.,«w.1, the system is more stable, and although the
convection rolls are still visible, they are subject to greater
fluctuations and their angular velocity is smaller. Close to the
situation governed by Eq.s5d we see large fluctuations in the
mean velocity, and are often unable to determine the direc-
tion and number of rolls. Additionally there is a suggestion
that double rolls may be present.

Figure 8sbd shows the phase diagram forN=2644, or 4
layers of beads. The solid line again represents Eq.s5d
whereas the dashed line represents«iw =«ow/1.3, which is
broadly representative of the boundary between counter-
clockwise and double roll convection. If we move along the
line «iw =0.2 on the map in Fig. 8sbd we can go from a region
where the inner wall dissipation dominates, to a region
where the outer wall is dominant. When«iw =0.2, «ow
<0.3 to 0.8, it is in between these two regimes and it ap-
pears that neither high-density region is able to control the

direction of motion of the roll. This description is reflected in
Figs. 9–11. The packing fraction and granular temperature
distributions are also shown for comparison. The packing
fractions close to one are an artefact of the high density and
order present in the system; as the bin size is comparable to
the particle diameter one observes regions where almost the
whole measurement volume is occluded by a particle. In
Figs. 9sad–9sdd the inner wall dominates and the convection
is counterclockwise in the sense of the figure. In Figs.
10sad–10sdd the outer wall dominates and the motion is in the
opposite direction. The motion in each case is clear to see.
However, when«ow=0.6 fFigs. 11sad–11sddg we find that the
form of the convection rolls is quite different: the grains
move down at the outer wall, up in the central region, but
also down near to the inner wall and we see two axially
symmetric toroidal structures. This behavior suggests that
not only does a double roll require high dissipation, satisfied
by the high collision rate due to the large numbers of grains,
but also that it requires a balance between the dissipation at
the walls. If this is not the case, then the wall effects domi-
nate and we see a single convection roll. This behavior has
been seen under similar circumstances experimentally.
Though further work is required to determine the exact ex-
perimental conditions under which double rolls are formed,
if the experiments in Sec. I are repeated with an acetal co-
polymer inner wall, coated with aluminum tapes«iw =0.62d,

FIG. 11. An example of a double convection roll produced using numerical simulation with the parameters«iw =0.2, «ow=0.6,
Ao

* =0.302,N=2644,Ri
* =3.5 andRo

* =14.5,sad nondimensional velocity field,sbd packing fraction, andscd and sdd granular temperature in
z andx directions, respectively, rescaled for a particle diameter of 5 mm, and mass of 1.874310−4 kg.
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we observe the predicted form of two rolls moving down-
wards at the walls and upwards in the middle regionsFig.
12d.

CONCLUSIONS

A comparison of numerical and experimental results for
vibrated granular beds with an annular geometry showed

good agreement for the granular temperature, packing frac-
tion, and velocity fields. In the case of a monolayer of grains,
higher densities and lower granular temperatures were found
near both the inner and outer walls, and weak convection
fields were also observed. A subsequent exploration of the
«iw-«ow phase space showed that increasing the number of
particles in the system could initiate strong convection cur-
rents, the direction and shape of which were dependent on
the exact combination of the wall-grain coefficients of resti-
tution. A simple model based on the respective areas and
coefficients of restitution of the two walls was reasonably
successful in predicting the direction of single rolls. Double
convection rolls were also observed, a feature seen in recent
experimental studies. Further work in this area will consider
the transition from single roll convection to double roll con-
vection, and the precise conditions under which double rolls
occur.
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